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Abstract
We provide a new construction of charges (conserved quantities) for the gravity field
in the (3+1) decomposition. The construction is based on (3+1) splitting of conformal
Yano–Killing tensor. We obtain charges, defined on Cauchy surface, which are combined
from components of Weyl tensor and conformal Killing vector. The relations between the
conserved quantities and its classical ADM counterparts are revisited. Asymptotic behavior
of the conserved quantities is described. The charges are analyzed for a particular choice of
initial data, among others, Bowen–York spinning black hole.
1 Introduction
Conformal Yano–Killing (CYK) tensor is a generalization of conformal Killing covector to skew-
symmetric p-forms. These geometrical objects, associated with so called hidden symmetries,
significantly simplify a description of electromagnetism or weak gravitational perturbation. CYK
forms also enable one to construct charges. For details see [18, 17] and [20] where a new method
for constructing conformal Yano-Killing tensors in five-dimensional Anti-de Sitter space-time is
presented. We give a brief survey on CYK forms in section 2.
The aim of presented research is to analyze the relation between charges, constructed from
CYK two-form and Weyl tensor, see (2.8), and quasi-local instant charges, defined by (3.10)
and (3.11). The investigations are mainly performed for Minkowski spacetime and conformally
flat spacetimes, however, part of statements is generalized to de Sitter spacetimes. The analysis
of (3+1) decomposition of CYK tensor in curved spacetimes is the main motivation for this
project. For Minkowski spacetime, each CYK two-form is a linear combination of a wedge
product of two conformal Killing co-vectors (CKV) or a Hodge dual of such product. This
makes the (3+1) decomposition of CYK tensor simple. In particular, the choice of Cauchy
surface t = const is natural. In the case of curved spaces, the splitting of CYK form is much more
complicated and the choice of Cauchy surface is much less intuitive. However, the CYK tensor
decomposition should guarantee existence of Gaussian charges on a properly chosen surface.
Deep understanding of the construction in the flat case is required for further analysis of curved
spacetimes. This makes the paper valuable in the context of further research. In addition to
that, the investigations of spacetimes with positive cosmological constant (see1 [1]) show that the
charges (3.10) and (3.11) are important. In particular, mass in ADM approach is defined with
the help of time translation generator which changes its causal nature when passing through
cosmological horizon. Mass defined as an instant charge requires an existence of scaling generator
on a three-dimensional Cauchy surface. Using scaling generator instead of time translation
generator enables one to avoid interpretation problems considering mass in de Sitter spacetimes.
Moreover, we recall a classical result given by Ashtekar which states that the ADM angular
momentum depends on supertranslations (for example see [3] and the references within). In other
∗E–mail: Jacek.Jezierski@fuw.edu.pl
†E–mail: Tomasz.Smolka@fuw.edu.pl
1The citation [1] is the first paper from a series of papers published by the same authors.
1
words, the ADM formula for angular momentum is coordinate dependent. The supertranslation
ambiguities can be removed by imposing stronger boundary conditions at spatial infinity. One
of us has shown in [13] that the existence of asymptotic CYK tensor QACYK which fulfills the
CYK equation, see (2.1) and (2.3), asymptotically2
Qλκσ(QACYK) ≈ r−1 , (1.1)
removes the supertranslational ambiguity.
The paper is organized as follows: A brief review of properties of CYK two-forms in four-
dimensional spacetime and associated charges is given in section 2. Section 3 is devoted to (3+1)
decomposition of CYK tensors. In particular, the theorem 3.1 about (3+1) charge splitting is
one of the key points of our construction. The relations between ADM linear momentum,
angular momentum and corresponding instant charges are presented in section 4. We provide
definitions and discuss basic properties of gravitational charges, or quantities specified on the
spatial hypersurface Σt immersed in four-dimensional spacetime. The structure of quasi-local
charges presented here can be used for any initial data (γij ,Kij), for which three-dimensional
metric γij is conformally flat or for the three-metric which approaches conformally flat metric
at infinity. The presented construction is illustrated by a particular choice of examples in
section 5. Comparison of conditions which are required for the asymptotic conservation of ADM
quantities and instant charges is given in section 6. Used conventions and denotings are listed
at the beginning of the paper (section 1.1).
1.1 Notation and conventions
For convenience we use index notation with Einstein summation convention. Signature of
Lorentzian four-dimensional metric gµν is (−,+,+,+). We distinguish five types of indices:
• small Greek letters {α, β, γ, ...}, except θ and φ, represent four-dimensional coordinates of
spacetime,
• small Latin letters {i, j, k, ...}, except x, y, z and r, run coordinates on three-dimensional
spatial hypersurface Σt,
• capital Latin letters {A,B,C, ...} represent angular coordinates on two-dimensional sphere,
• {x, y, z} represents a set of Cartesian coordinates,
• {r, θ, φ} represents a set of spherical coordinates.
The metric induced on a three-dimensional spatial hypersurface is denoted by γij. ηµν and ηAB
respectively mean a four-dimesional Minkowski metric and a metric on two-dimesional sphere
of radius r, i.e. ηABdx
AdxB = r2dθ2 + r2 sin2 θdφ2. ∇ and D mean four-dimensional and
three-dimensional covariant derivatives compatible with the metrices gµν and γij respectively.
We will also use shortened, symbolic notation between indices in which semicolon (;) means
a covariant derivative ∇ for spacetime, vertical line (|) is a covariant derivative D on three-
dimensional hypersurfaces, and a double vertical line (||) means a covariant derivative on a two-
dimensional sphere. Partial derivative ∂ is denoted by comma (,). For example, Aµν;γ = ∇γAµν .
Symmetrization and antisymmetrization of indices α, β we write respectively as (αβ) and [αβ],
we assume that both of these operations contain a numerical factor depending on the number
of indices that include, in particular:
A(ij) =
1
2
Aij +
1
2
Aji ,
A[ij] =
1
2
Aij − 1
2
Aji ,
2The equation (1.1) means all the components ofQλκσ(QACYK) fall off like r
−1 or faster. r is a radial coordinate
which is well-defined in the asymptotically flat regime.
2
Aij = A(ij) +A[ij] .
For the antisymmetric tensor, we accept the convention:√
|g|ε12...n = 1 .
In the case of calculation related to the (3 + 1) decomposition, we will write three over tensors
specified on the spatial hypersurface Σt and four for objects in four-dimensional spacetime.
To simplify the notation, we omit the index in situations, where it is clearly derived from the
context. The geometric layout of units was adopted throughout the work c = G = 1.
Index of notation
gµν – four-dimensional metric tensor,
ηµν – metric of Minkowski spacetime,
Rαβµν – Riemann tensor,
Rαβ – Ricci tensor,
R – curvature scalar,
Wαβµν – Weyl tensor,
Eµν – electric part of Weyl tensor,
Bµν – magnetic part of Weyl tensor,
Λ – cosmological constant,
Tµν – energy-momentum tensor,
S(r) – two-dimensional sphere with radius r,
dΩ2 = r2dθ2 + r2 sin2 θdφ2.
The conformal Killing vectors (CKV):
Tk – translation generators,
Rk – rotation generators,
Kk – generators of proper conformal transformations,
S – scaling generator.
(3 + 1) decomposition:
Σ – spatial hypersurface,
N – lapse function,
Nk – shift vector,
γij – Riemann metric on a hypersurface Σ,
Kij – tensor of the extrinsic curvature,
K – trace of the tensor of the extrinsic curvature, K = Kijg
ij ,
Pij – canonical ADM momentum, Pij = Kij − γijK,
nk – normalized normal vector,
(A ∧B)a := εabcAbdBdc.
2 Survey on CYK tensors and associated charges
Let Qµν be a skew-symmetric tensor field (two-form) on a four-dimensional manifold M , and
let us denote by Qλκσ a (three-index) tensor which is defined as follows:
Qλκσ(Q, g) := Qλκ;σ +Qσκ;λ − 2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
. (2.1)
The object Q has the following algebraic properties:
Qλκµgλµ = 0 = Qλκµgλκ , Qλκµ = Qµκλ , (2.2)
i.e. it is traceless and partially symmetric.
Definition 2.1. A skew-symmetric tensor Qµν is a conformal Yano–Killing tensor (or simply
CYK tensor) for the metric g iff
Qλκσ(Q, g) = 0 . (2.3)
3
CYK tensors are generalization of conformal Killing vectors to two-forms. The set of PDE
equations in definition 2.1 is overdetermined. The solutions exist mainly for type D spacetimes.
Properties and detailed information can be found in [15] and in the references within. In the
context of further research is important the following property.
Theorem 2.1 (Hodge duality). Let gµν be a metric of a four-dimensional differential manifold
M . ∗ denotes Hodge duality3. A skew-symmetric tensor Qµν is a CYK tensor of the metric gµν
iff its dual ∗Qµν is a CYK tensor of this metric.
The conserved quantities are constructed from the spin-2 tensor field4 Wαβµν . Wµναβ is
skew-symmetric both in the first and the second pair of indices and to both of them the Hodge
star can be applied. We denote
∗Wµναβ =
1
2
εµν
ρσWρσαβ , W
∗
µναβ =
1
2
Wµνρσε
ρσ
αβ . (2.4)
The symmetries of spin-2 tensor provide: ∗W = W ∗, ∗(∗W ) = ∗W ∗ = −W. Let Wµναβ be a
spin-2 field and Qµν be a CYK tensor. Let us denote by F the following two-form:
Fµν(W,Q) := WµνλκQ
λκ. (2.5)
The following formula is satisfied:
∇νFµν(W,Q) = 0 . (2.6)
Theorem 2.1 and Eq. (2.4) enable one to observe similarly
∗Fµν = ∗WµνλκQλκ =Wµνλκ(∗Q)λκ , ∇ν(∗F )µν(W,Q) = 0 . (2.7)
Let V be a three-volume and ∂V its boundary. Formula (2.6) implies5∫
∂V
Fµν(W,Q) dσµν =
∫
V
∇νFµν(W,Q) dΣµ = 0 .
In this sense Qµν defines a charge related to the spin-2 field W
6:
C(W,Q) :=
∫
S
Fµν(W,Q) dσµν . (2.8)
3 (3+1) decomposition of CYK tensor for Minkowski space-
time. Instant charges
The aim of this section is to present the decomposition of CYK tensor and associated conserved
quantities for Minkowski spacetime.
3.1 Conformal Killing fields
A vector field X is a Conformal Killing (Vector-)field (CKV) if it satisfies the equation:
LXg = λg , (3.1)
3Hodge duality (Hodge star) is given by ∗ωαβ :=
1
2
εαβ
µνωµν , where εαβµν is the skew-symmetric Levi–Civita
tensor.
4Spin-2 tensor field fulfills: Wαβµν =Wµναβ =W[αβ][µν], Wα[βµν] = 0, g
αµWαβµν = 0, ∇[λWµν]αβ = 0.
5Symbols dσµν and dΣµ can be defined in the following way: if Ω stands for the volume form of the manifold
M , then dσµν := (∂µ ∧ ∂ν)yΩ, dΣµ := ∂µyΩ.
6The flux of Fµν through any two-dimensional closed surfaces S1 and S2 is the same as long as we are able to
find a three-volume V between them (i.e. there exists V such that ∂V = S1 ∪ S2).
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where g is a metric tensor, and L is the Lie derivative.
If the Levi–Civita connection preserves g, the above equation becomes equivalent to:
∇(µXν) = λgµν , (3.2)
where λ is an arbitrary function which is related to the conformal factor. The CKV equation
(3.1) holds for any dimension of spacetime. In general case function λ depends on the field X,
and let n be a dimension of our manifold. Trace of the equation (3.2) yields:
2Xµ;µ = nλ ⇒ λ = 2
n
Xµ;µ . (3.3)
CKV remains invariant under the influence of conformal transformations. More precise infor-
mation is contained in the following lemma:
Lemma 3.1. If Xa is a conformal Killing vectorfield for the metric gij and function λ, than it
is also a conformal Killing field for the metric g˜ij = e
2Ωgij and function λ˜ = λ+ 2Ω,aX
a.
If λ = 0, we obtain Killing field which is an isometry generator for the metric g. The con-
formally flat three-dimensional Euclidean space has ten linearly independent conformal Killing
fields: three fields corresponding to translation generators Tk, three corresponding to rotation
generators Rk, three conformal transformations Kk and the scaling field S. In the Cartesian
coordinate system, expressions for the fields take the following form:
Tk = ∂
∂xk
, (3.4)
Rk = εkijxi ∂
∂xj
, (3.5)
Kk = xkS − 1
2
r2
∂
∂xk
, (3.6)
S = xk ∂
∂xk
, (3.7)
where r2 = x2 + y2+ z2. Note that the above definitions in a natural way distinguish one point
— the center of the coordinate system.
3.2 (3+1) decomposition of CYK tensor
In [17], the following decomposition of CYK tensor for Minkowski spacetime has been proved:
Lemma 3.2. Each CYK tensor in Minkowski spacetime can be expressed in the following way:
Q = a(t)T0 ∧X + b(t) ∗(T0 ∧ Y ), (3.8)
where X, Y are (three-dimensional) conformal Killing fields; a(t), b(t) are quadratic polynomials
of a single indeterminate t.
The basis of the space of solutions for the equations, given in definition 2.1 (i.e. the basis
of CYK tensors) in Minkowski spacetime is twenty-dimensional. This is a maximal possible
dimension of space of CYK solutions for four-dimensional spacetime.
Spin-2 tensor can be splitted into well-known gravitoelectromagnetic tensors7. Let us consider
how the charge (2.8) is related with instant charges (3.10), (3.11) on Cauchy surface Σt : t =
const. We need to introduce the following conserved quantity:
7Let nµ be a normed vector perpendicular to the foliation Σt. A spin-2 field on Σt can be equivalently described
by two symmetric and traceless tensors: the electric and the magnetic part of Weyl tensor,
Eαβ := Wαµνβn
µ
n
ν
, Bαβ :=W
∗
αµνβn
µ
n
ν
. (3.9)
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Definition 3.1 (instant charges). Consider a given spatial hypersurface Σ equipped with a con-
formally flat, Riemannian metric γ. Let A be a two-dimensional closed surface, embedded in Σ.
We can define the following instant charges:
I(E,X) :=
∫
A
EijX
jdSi , (3.10)
I(B,X) :=
∫
A
BijX
jdSi , (3.11)
where Xj is a conformal Killing vector field (CKV).
The relation between four-dimensional CYK conserved quantity and CYK charge is as fol-
lows. Using (2.7), (2.8), (3.8), and decomposition into magnetic and electric part, we can prove
the following
Theorem 3.1. Let Σt be a t = const. Cauchy surface in Minkowski spacetime. Charge C(W,Q),
defined by (2.8), can be decomposed at each Σt surface as follows
C(W,Q) = α(t)I(E,X) + β(t)I(B,Y ) , (3.12)
where I(E,X) and I(B,Y ) are instant charges (3.10) and (3.11) respectively; α(t), β(t) are
quadratic polynomials of a single indeterminate t.
The charges defined by (3.10) and (3.11) will not depend on the choice of a two-dimensional
surface if the appropriate divergence is zero. They have been proposed by Ashtekar–Hansen
in [2]. If we consider two two-dimensional, oriented closed surfaces A1, A2 limiting the three-
dimensional volume V : ∂V = A1 ∪A2, then the conformal Killing vector Xi and the electrical
part Eij fulfill the following equation:∫
A1
√
γEijX
jdSi −
∫
A2
√
γEijX
jdSi =
∫
V
(
√
γEijX
j),idV , (3.13)
where here γ := det γij . The divergence of vector density
√
γEijX
j can be decomposed as
follows:
(
√
γEijX
j),i = (
√
γEijX
j)|i =
√
γEij|iX
j +
√
γEijXj|i =
=
√
γEij|iX
j +
√
γEijX(j|i) =
√
γEij|iX
j +
√
γEij
λ
2
gij =
=
√
γEij|iX
j ,
(3.14)
where Eij is symmetric and traceless, and X
i is a CKV. It enables one to formulate the following
Proposition 3.1. Consider a three-dimensional Cauchy surface with a Riemannian metric γ.
Let S be a two-dimensional topological sphere embedded in volume V . If X is a conformal Killing
vector for metric γ and the gravitoelectric tensor field is divergenceless on V , then the instant
charge
I(E,X) =
∫
S
EijX
jdSi ,
does not depend on the choice of integration surface A ⊂ V . The analogue result holds for
I(B,X), defined by (3.11).
3.3 Gravitoelectromagnetic tensors in terms of initial data
In [9] the electromagnetic parts of Weyl tensor are expressed in terms of initial data (γij ,Kij)
on the Cauchy surface Σ. The results are the following:
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Theorem 3.2. If spacetime fulfills the Einstein vacuum equations with a cosmological constant:
Rµν − 1
2
Rgµν + Λgµν = 0 , (3.15)
then the electrical and magnetic parts of the Weyl tensor are expressed by the initial data
(γij ,Kij) on the three-dimensional spatial hypersurface Σ as follows:
Eij = −
3
Rij −KKij +KikKkj + 2
3
Λγij , (3.16)
Bij = ε
ls
jDsKil , (3.17)
where
3
Rij is a Ricci tensor of a three-dimensional metric, Kij is a tensor of extrinsic curvature,
and K = Kii is a trace of extrinsic curvature.
The proof is mainly based on (3 + 1) decomposition of Weyl tensor and geometrical identities
between four-dimensional and three-dimensional curvature tensors. Similar decomposition can
be done for the divergence of the electric (magnetic) part of Weyl tensor.
Theorem 3.3. If spacetime fulfills the Einstein vacuum equations with a cosmological constant,
then the three-dimensional covariant divergence of the electrical part E and the magnetic part
B of Weyl tensor is expressed as follows:
Eij|i = (K ∧B)j , (3.18)
Bij|i = −(K ∧ E)j , (3.19)
where ∧ is an operation defined for two symmetric tensors A and B as
(A ∧B)a := εabcAbdBdc . (3.20)
The theorem simplifies examination of conservancy8 of the charges (3.10) and (3.11). It can be
especially useful in situations, where the “pure” electrical (with zero magnetic part) or “pure”
magnetic (with zero electrical part) is analyzed.
4 ADM mass, linear momentum, angular momentum and cor-
responding instant charges
4.1 Physical interpretation of instant charges
Let us observe the relations between traditional quantities (e.g. ADM or Komar formula) and
instant charges. More precisely, we have the following table:
KV Charges CKV
T0 I(E,S) S (1) energy (mass)
Tk I(B,Rk) Rk (3) linear momentum
Lkl I(B,Kk) Kk (3) angular momentum
L0k I(E,Kk) Kk (3) center of mass
Other quantities: dual mass, dual momentum, linear acceleration, and angular acceleration are
usually vanishing. However, some parameters in Einstein metrics can be interpreted as topo-
logical charges, e.g. dual mass appears in Taub-NUT solution ([16], [14]) and dual momentum
in Demian´ski metrics ([13], [10]). We discuss below the relation between ADM quantities and
instant charges.
8See the discussion below (3.14).
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4.1.1 Mass
Mass is one of the most important quantities which characterize a physical system. However,
some subtleties arise and they are analyzed in section 5. We claim that the following instant
charge
M := 1
8π
I(E,S) (4.1)
describes quasi-local mass. S is CKV related with scaling generator9. If we consider asymptot-
ically flat space with two-dimensional foliation of topological spheres S(R), which are parame-
terized by radius R, then the ADM mass is given by MADM =
1
8π
lim
R→∞
M(S(R)).
4.1.2 Linear momentum
Theorem 4.1. Let Σ be a flat, three-dimensional spatial hypersurface immersed in the space-
time which satisfies Einstein vacuum equations. Assuming that the three-dimensional covariant
divergence of the magnetic part disappears:
Bij|i = 0 , (4.2)
then for any two-dimensional, closed surface A immersed in Σ holds:∫
A
BijRjkdSi =
∫
A
P ijT jk dSi , (4.3)
where P ij is (canonical) ADM momentum, Rk is a rotation generator around the axis k, and
Tk is a translation generator along the axis k.
Proof:
The surface Σ is assumed to be flat, so appropriate conformal Killing fields exist.
First we show that an integral over any surface A can be converted into an integral over a
two-dimensional sphere.
The ADM momentum is expressed by the extrinsic curvature:
P ij = −Kij +Kγij . (4.4)
Einstein vacuum equations are satisfied, so in particular vacuum vector constraint:
Kij|i −K|j = 0 ⇒ P ij|i = 0 . (4.5)
The divergence in the integral in the equation (4.3) can be reformulated analogically to the
equation (3.14). Assuming (4.2), we obtain that the divergence of the term containing the
magnetic part is zero. For the integral on the right hand side of the equation (4.3), we have:
(
√
γP ijT jk ),i = (
√
γP ijT jk )|i =
√
γP ij|iT jk +
√
γP (ij)(Tk)(j|i) = 0 . (4.6)
After applying the product rule, the first term in the above equation is zero from the equation
(4.5), and in the second term we can add symmetrization, the translation generator fulfills the
Killing equation, hence the symmetrized covariant derivative of T vanishes.
We have shown that the divergences of both integrands in equation (4.3) are zero, using the
Stokes theorem, the volume term has no contribution, which proves formulae (4.3). Replacing
the integral on any surface A by an integral on a two-dimensional sphere S(r) is justified.
The left hand side of (4.3) is:∫
S(r)
BijRjkdSi =
∫
S(r)
λBrφ , (4.7)
9For conformally flat space, with the metric in the form ψ
(
dR2 +R2 dΩ2
)
, the scaling generator has a form
S = R∂R.
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where λ = r2 sin θ. Using (4.3), we have
Brφ = ε
rijKφi|j
= εrABKφA|Br
2εφC(cos θ),C
= εABKDA|Br
2εDC(cos θ),C , (4.8)
where the convention for two-dimensional Levi–Civita tensor is r2 sin θεθφ = 1. A three-
dimensional covariant derivative can be decomposed into:
KDA|B = KDA,B − ΓmDBKmA − ΓmABKDm = KDA||B +
1
r
ηABKDr +
1
r
ηDBKrA , (4.9)
where we used the fact that ΓrAB = −1rηAB , true for a covariant derivative of a flat three-
dimensional space, and ηAB is a metric induced on a sphere with the radius r, it gives:
Brφ = ε
ABKDA||Br
2εDC(cos θ),C + rε
A
DKrAε
DC(cos θ),C
= εABKDA||Br
2εDC(cos θ),C +
1
r
Krθ sin θ , (4.10)
where the identity εADε
DC = −ηAC holds.∫
S(r)
λBrφ =
∫
S(r)
λεABKDA||Br
2εDC(cos θ),C +
∫
S(r)
λ
1
r
Krθ sin θ =
=−
∫
S(r)
λεABKDAr
2εDC(cos θ)||CB +
∫
S(r)
λ
1
r
Krθ sin θ =
=
∫
S(r)
λεABKDAε
DCηCB cos θ +
∫
S(r)
λ
1
r
Krθ sin θ =
=
∫
S(r)
λKDAη
DA cos θ +
∫
S(r)
λ
1
r
Krθ sin θ ,
(4.11)
where we have used the identity r2(cos θ)||CB = −ηCB cos θ.
The field Tz in the spherical coordinates:
Tz = ∂z = cos θ∂r − sin θ
r
∂θ . (4.12)
Therefore, the right hand side of the thesis (4.3) takes the form:
−
∫
S(r)
P ijT jz dSi =
∫
S(r)
(
Kij − δijK
) T jz dSi =
=
∫
S(r)
λ(Krr −K) cos θ − λ1
r
sin θKrθ =
=
∫
S(r)
−KABηABλ cos θ − λ1
r
sin θKrθ = −
∫
S(r)
λBrφ ,
(4.13)
where the last equality comes from the comparison with the right hand side of (4.11).
4.1.3 Angular momentum
Theorem 4.2. Let Σ be a flat, three-dimensional spatial hypersurface immersed in the spacetime
which satisfies Einstein vacuum equations. Assuming that the following charges vanish:
I(B,Tx) = I(B,Ty) = I(B,Tz) = 0 (4.14)
and the three-dimensional covariant divergence of the magnetic part disappears:
Bij|i = 0 , (4.15)
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then for any two-dimensional, closed surface A immersed in Σ holds:∫
A
BijKjkdSi =
∫
A
P ijRjkdSi , (4.16)
where P ij is the ADM momentum, Kk is the generator of proper conformal transformations in
the direction of k, and Rk is a rotation generator around the axis k.
Proof:
Analogically to the proof of theorem 4.1, it can be shown that the divergences of integrands in
the thesis (4.16) disappear, that justifies the proof for integrals on two-dimensional spheres.
By assumption (4.14), we can deduce that the integral from the contraction of the magnetic part
with any vector with constant coefficients in the Cartesian system is zero (because Tk = ∂k).
Using this observation, we have:∫
S(r)
Bij(Kjk +Aj)dSi =
∫
S(r)
BijKjkdSi , (4.17)
where Aj are the coordinates of a constant vector in the Cartesian system. Any such a vector
can be written in a spherical system in the following way:
Ai∂i =
Aix
i
r
∂r + r
(
Aix
i
r
),B
∂B . (4.18)
We denote u := (Aix
i)/r, then:
Ai∂i = u∂r + r(u)
,B∂B . (4.19)
Now we choose u to simplify the calculation of the integral (4.17). The generators of the
conformal transformations in the spherical system read:
Kx = 1
2
r2 cosφ sin θ∂r − 1
2
r cosφ cos θ∂θ +
1
2
r
sinφ
sin θ
∂φ , (4.20)
Ky = 1
2
r2 sinφ sin θ∂r − 1
2
r sinφ cos θ∂θ − 1
2
r
cosφ
sin θ
∂φ , (4.21)
Kz = 1
2
r2 cos θ∂r +
1
2
r sin θ∂θ . (4.22)
Let us choose the function u:
For Kx we choose ux = 12r2 cosφ sin θ.
For Ky we choose uy = 12r2 sinφ sin θ.
For Kz we choose uz = 12r2 cos θ.
We will denote new “corrected” vectors by K¯k := Kk + (Ak)i∂i, and we obtain:
K¯x = r2 cosφ sin θ∂r = r2 ∂r
∂x
∂r , (4.23)
K¯y = r2 sinφ sin θ∂r = r2 ∂r
∂y
∂r , (4.24)
K¯z = r2 cos θ∂r = r2 ∂r
∂z
∂r . (4.25)
The vectors K¯k now have only the component in the radial direction.
Without loss of generality we consider (4.16) for k equal to z. Coordinate system that the z
axis is turned in the direction which is invariant under the rotation generator Rk always can be
chosen.
In the spherical system, the metric on Σ takes the form:
γij = dr
2 + r2dθ2 + r2 sin2 θdφ2 , (4.26)
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and the metric induced on the spheres:
ηAB = r
2dθ2 + r2 sin2 θdφ2 . (4.27)
Note that the rotation generator field around the z axis such that Rz = ∂φ can be written as:
∂φ = r
2εAB (cos θ),B ∂A , (4.28)
where εAB is an antisymmetric tensor on the sphere, by definition:
√
ηεθφ = r2 sin θεθφ = 1 . (4.29)
We denote: λ =
√
γ and reformulate the right hand side of (4.16):∫
S(r)
P ijRjzdSi = −
∫
S(r)
λKrAr
2εAB(cos θ),B =
∫
S(r)
r2(λKrAε
AB)||B cos θ =
=
∫
S(r)
r2λεABKrA||B cos θ .
(4.30)
For the left hand side of the thesis:∫
S(r)
BijKjzdSi =
∫
S(r)
λBrjK¯jz =
∫
S(r)
λεlsrKjl|sK¯jz =
∫
S(r)
λεABrKrA|Br
2 cos θ =
=
∫
S(r)
r2λεABKrA||B cos θ .
(4.31)
By comparing the formulae (4.30) and (4.31) we get the thesis.
5 Examples
We apply the concepts introduced in section 3 to the analysis of conserved quantities for par-
ticular choices of initial data. The aim of this section is to perform a detailed discussion of two
of the most important parameters which characterize a black hole solution: mass and angular
momentum. We compare our results with classical ADM approach and present methods of
obtaining quasi-local quantities (like quasi-local mass).
First two examples contain initial data on particularly chosen surfaces in Schwarzschild–de
Sitter spacetime. We will consider two families of foliations with spatial hypersurfaces Σ. The
first of them, denoted Σs, corresponds to the surfaces of constant time (i.e. the coordinate
appearing in the standard form of Schwarzschild metric) t = const., the second (denoted Σp)
will be a hypersurface foliation with a flat inner geometry. Next example belongs to Bowen–York
initial data type. We discuss charges for spinning black hole.
5.1 The constant time hypersurfaces
Consider the Kottler metric with the standard variables (t, r, θ, φ), whose linear element is given
by the formula:
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2 , (5.1)
where f(r) = 1− 2mr − sl2 r2, and we assume that f(r) > 0. Parameter sl2 is a scaled cosmological
constant s
l2
= Λ3 , where s = ±1. The foliation with spatial hypersurfaces Σt : t = const. is
examined. Three-dimensional Riemannian metric induced on Σt has the following form:
ds23 =
dr2
f(r)
+ r2dΩ . (5.2)
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The Cotton tensor for the metric (5.2) vanishes, hence (in three dimensions) it is a necessary and
sufficient condition for conformal flatness. Using one-dimensional coordinate transformation
logR =
∫
dr
r
√
1− 2mr − sl2 r2
, (5.3)
we can transform (5.2) into explicitly conformally flat form
ds23 =
r2(logR)
R2
[
dR2 +R2dΩ
]
. (5.4)
I(E,S) is our conserved quantity which has an interpretation as a mass. S is a CKV associated
with conformal rescaling. In (R, θ, φ) coordinates, in which the metric is conformally flat, S has
the form: S = R∂R. Transforming into (r, θ, φ) coordinates, we have
S = r
√
f(r)∂r . (5.5)
The chosen data is time-symmetric. It means that the second fundamental form is identically
equal to zero:
Kij = 0 . (5.6)
The theorems 3.2 and 3.3 give
Eij = −
3
Rij +
2
3
Λγij , (5.7)
Bij = 0 , (5.8)
Eij |i = 0 . (5.9)
According to equation (3.14) and the comment below, the result (5.9) guarantees that the quasi-
local mass does not depend on the choice of integration surface10. The non-zero components of
electric part of Weyl tensor do not depend on cosmological constant
Err =
2m
r3
, (5.10)
Eθθ = −m
r3
, (5.11)
Eφφ = −m
r3
. (5.12)
The equations (5.5) and (5.10) enable one to calculate the quasi local mass M := 18pi I(E,S):
M = 1
8π
∫
S(r)
ErrX
r√γdθdφ = 1
8π
∫
S(r)
2m
r3
r
√
f(r)
1√
f(r)
r2 sin θdθdφ = m. (5.13)
The obtained result is comparable with the ADM type quasi-local mass. We will use formulas
from [7] to calculate ADM type quasi-local mass relative to any vector field X and any reference
space. Let γij denote the metric at Σs, the reference spacetime βij is the de Sitter spacetime.
Assuming the above, the ADM type quasi-local mass is expressed by the formula:
MADM =
1
16π
∫
S(r)
(Ur + Vr) , (5.14)
where:
U
i(V ) = 2
√
detγ
[
V γi[kγj]lD¯jγkl +D
[iV γj]kejk
]
, (5.15)
10The two-dimensional surface has to be homotopic to a round sphere – an orbit of rotational symmetry of the
Schwarzschild–de Sitter solution. In particular, it is the same for all r = const. surfaces.
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V
l(Y ) = 2
√
detγ
[
(P lk − P¯ lk)Y k − 1
2
Y lP¯mnemn +
1
2
Y kP¯ lkβ
mnemn
]
, (5.16)
eij := γij − βij , (5.17)
P lk := γlktrγK −K lk , trγK := γlkKlk , (5.18)
similarly for objects defined in the background space:
P¯ lk := βlktrβK¯ − K¯ lk , trβK¯ := βlkK¯ lk . (5.19)
Form of the Hamiltonian field X:
X = V nµ∂µ + Y
k∂k =
V
N
∂0 +
(
Y k − V
N
Nk
)
∂k . (5.20)
For mass (energy), we use X = ∂0, so V = N and Y
k = Nk. The metric γ is given by the
equation (5.2). The reference frame is simply given by
βij = diag
(
1
1− s
l2
r2
, r2, r2 sin2 θ
)
, (5.21)
hence:
eij = diag
(
1
1− 2mr − sl2 r2
− 1
1− s
l2
r2
, 0, 0
)
. (5.22)
The extrinsic curvature is zero, therefore P kl = P¯
k
l = 0⇒ Vl(Y ) = 0 .
The expression for ADM type quasi-local mass is reduced to:
MADM =
1
8π
∫
S(r)
√
detγ
[
Nγr[kγj]lD¯jγkl +D
[rNγj]kejk
]
, (5.23)
which finally gives
MADM = m. (5.24)
Thus, the ADM type quasi-local mass and the “electromagnetic” quasi-local mass M are equal
and they do not depend on the cosmological constant Λ = 3sl2 .
5.2 Flat hypersurfaces
As in the previous section, we start with the Kottler metric:
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2 , (5.25)
for f = 1− 2mr − sl2 r2, f > 0, m ≥ 0.
We will examine the foliation with the hypersurfaces Σt, on which induced three-dimensional
metric is flat. Using the following time transformation:
tp := t−
∫ √
1− f(r)
f(r)
dr , (5.26)
we obtain the metric in the Painleve–Gullstrand form:
ds2 = −f(r)dt2p − 2
√
1− f(r)drdtp + dr2 + r2Ω2 . (5.27)
13
The lapse N and the shift vector N i:
N = 1 , (5.28)
Nr = −
√
2m
r
+
s
l2
r2 , Nθ = 0 , Nφ = 0 , (5.29)
enable one to calculate the extrinsic curvature from the formula
Kij =
1
2N
(
Ni|j +Nj|i − ∂tgij
)
. (5.30)
Non-zero components of the extrinsic curvature are:
Krr =
m− s
l2
r3√
2mr3 + sl2 r
6
, (5.31)
Kθθ = −
√
2mr +
s
l2
r4 , (5.32)
Kφφ = −
√
2mr +
s
l2
r4 sin2 θ . (5.33)
The trace of extrinsic curvature is equal to:
K = Kijγ
ij = − 3(m+
s
l2 r
3)√
2mr3 + s
l2
r6
. (5.34)
The electrical part of Weyl tensor, (3.16), reduces to
Eij = −KKij +KikKkj + 2
3
Λγij = −KKij +KikKkj + 2 s
l2
γij . (5.35)
We obtain the following non-zero components of the electrical part of Weyl tensor:
Err =
2m
r3
, (5.36)
Eθθ = −m
r
, (5.37)
Eφφ = −m
r
sin2 θ . (5.38)
The magnetic part is zero.
Because the metric induced on Σp is flat, we have a full set of ten conformal Killing vectors.
Note that vanishing magnetic part causes that the three-dimensional covariant divergence of the
electrical part vanishes (theorem 3.3), and therefore the “electric” charges do not depend on the
two-dimensional integration surface. The charge responsible for the mass:
M = 1
8π
∫
S(r)
EijSjdSi = 1
8π
∫
S(r)
Errr
3 sin θdθdφ = m. (5.39)
We compare the obtained result with the ADM type quasi-local mass. As in the previous
subsection, we define:
eij := γij − βij , (5.40)
U
i(V ) = 2
√
detγ
[
V γi[kγj]lD¯jγkl +D
[iV γj]kejk
]
, (5.41)
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V
l(Y ) = 2
√
detγ
[
(P lk − P¯ lk)Y k − 1
2
Y lP¯mnemn +
1
2
Y kP¯ lkβ
mnemn
]
, (5.42)
X = V nµ∂µ + Y
k∂k =
V
N
∂0 +
(
Y k − V
N
Nk
)
∂k . (5.43)
We obtain the mass, therefore X = ∂0 ⇒ V = N and Y k = Nk. Ul is zero, because in the case
of foliations by flat hypersurfaces γij = βij , where eij = 0, and in the first part the covariant
derivative D¯ can be converted to D.
The non-zero components of the canonical ADM momentum (P ij = δ
i
jK −Kij) are:
P rr = −
2
√
2m+ sl2 r
3
r3/2
, (5.44)
P θθ = −
m+ 2 s
l2
r3
r3/2
√
2m+ s
l2
r3
, (5.45)
P φφ = −
m+ 2 s
l2
r3
r3/2
√
2m+ sl2 r
3
. (5.46)
The background ADM momentum P¯ ij can be obtained from the equations (5.44)–(5.46) by
setting m = 0, hence, for s = +1, we get:
P¯ rr = P¯
θ
θ = P¯
φ
φ = −2
l
. (5.47)
The only non-omitting element in the expression for ADM type quasi-local mass is:
MADM =
1
16π
∫
S(r)
2
√
γ(P rr − P¯ rr)N rdθdφ . (5.48)
Explicitly,
MADM = 2m+
r3
l2
−
√
r3
l2
(
2m+
r3
l2
)
. (5.49)
Note that for Schwarzschild spacetime (Λ = 0, l → ∞) we get MADM = 2m, which is twice
as much as the mass parameter m in the Kottler metric. This is caused by too slow fall off
in r of the ADM momentum. In the case of foliation with surfaces of flat internal geometry
(Painleve–Gullstrand foliation), the canonical ADM momentum tensor behaves like r−3/2. The
usually assumed assumption for the canonical ADM momentum (see classical results in section
6.1) is the fall off like r−3/2−ε, where ε is strictly positive. The result (5.39) shows that the
“electromagnetic” mass (at least in this case) has better properties, because after dividing by
the normalizing factor 8π accurately reproduces the parameter m occurring in the metric. It is
independent of the radius r and the cosmological constant Λ.
5.3 Bowen–York initial data
In this section we discuss an initial data which is originally done by Bowen and York [4] with
the help of conformal methods. However, we use an approach to the data which is given in [8].
Physically relevant initial data (γij ,Kij) and conformally related data h˜ij , K˜
ij is described by
the relations
γij = ϕ
4h˜ij , (5.50)
Kij = ϕ−10K˜ij . (5.51)
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Moreover, K˜ij is a symmetric, trace-free tensor which fulfills
DiK˜
ij = 0 , (5.52)
where Da is the covariant derivative with respect to h˜ij . The Hamiltonian constraint implies
the following equation for the conformal factor ϕ:
L
h˜
ϕ = −K˜
ijK˜ij
8ϕ7
, (5.53)
where Lh = D
iDi − R˜/8, R˜ is the Ricci scalar of the metric h˜ij and the indices are moved with
h˜ij. If the conditions (5.52) and (5.53) hold then the physically relevant initial data (γij ,Kij)
satisfy vacuum constraint equations without cosmological constant.
Remarkable simplifications on (5.52) and (5.53) occur, when h˜ij has a Killing vector η
a. We will
assume that ηa is hypersurface orthogonal11 and we define η by η := ηaηbh˜ij. Firstly we analyze
the momentum constraint (5.52). Consider the following vector field
Si =
1
η
ǫijkηjDkω, £ηω = 0, (5.54)
where £η is the Lie derivative with respect η
a and ǫijk is the volume element of h˜ij . The scalar
function ω is arbitrary. In particular it does not depend on the metric h˜ij . It follows that S
a
satisfies
£ηS
i = 0, Sjηj = 0, DkS
k = 0. (5.55)
Using the Killing equation D(iηj) = 0, the fact that η
a is hypersurface orthogonal and equations
(5.55) we conclude that the tensor
K˜ij =
2
η
S(iηj) (5.56)
is trace-free and satisfies (5.52). The square of K˜ij can be written in terms of ω:
K˜ijK˜ij =
2DkωD
kω
η2
. (5.57)
5.4 Example: Bowen–York spinning black hole
This example originally has been given in [4]. It is a Bowen–York type initial date with a Killing
symmetry. The data is characterized by a flat conformal three-metric
h˜ = dR2 +R2dθ2 +R2 sin2 θdφ2 (5.58)
with the following generating function ω
ωBY = J(3 cos θ − cos3 θ). (5.59)
The Killing vector used in data construction is
η =
∂
∂φ
. (5.60)
Using the procedure described in section 5.3, we obtain that the only non-vanishing compo-
nent of K˜ij is the following
K˜Rφ = −3J sin
2 θ
R2
. (5.61)
11It satisfies Diηj = −η[iDj] ln η.
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Let us observe that the corresponding ADM momentum tensor density defined as follows:√
det γklP
i
j :=
√
det γkl
(
δijK −Kij
)
(5.62)
has the only one non-vanishing component
√
det γijP
R
ϕ = 3J sin
3 θ which gives quasi-locally
the ADM angular momentum J =
1
8π
∫
S(R)
√
det γijP
R
φ because of the symmetry η =
∂
∂φ .
Remark: Let us notice that the vector constraint (4.5), maximal surface condition K = 0 and
CVF lead to conserved charge in a similar way as in Definition 3.1. However, for BY data almost
all CVFs give vanishing integrals except vectorfield ∂φ corresponding to angular momentum J .
Equations (5.53) and (5.57) enable one to obtain the conformal factor ϕ in terms of the
derivatives of ω:
∆ϕ = − (∂θω)
2
4R6 sin4 θϕ7
, (5.63)
where ∆ is the flat Laplacian corresponding to Euclidean metric (5.58). The following boundary
conditions are used:
lim
R→∞
ϕ = 1, lim
R→0
Rϕ =
M
2
, (5.64)
where M is a positive constant called bare mass. Below we give an asymptotic behavior of the
solution for large R. The first few terms of the asymptotic series for the conformal factor ϕ are
the following
ϕBY = 1 +
M
2R
+
p(θ)
R4
+O
(
1
R5
)
, (5.65)
where
p(θ) =
J2
8
(
3 cos(θ)2 − 1)− J2
8
. (5.66)
The charges (3.10) and (3.11) require gravitoelectromagnetic tensor density of the considered
solution. We denote
E ij =
√
det γklE
i
j Bij =
√
det γklB
i
j (5.67)
The non-vanishing components of electric part of Weyl tensor density are:
ERR = 2M sin θ
R
+
J2 sin θ
(
21 cos2 θ − 11)
2R4
+O
(
1
R5
)
, (5.68)
ERθ =
15J2
(
cos θ − cos3 θ)
2R3
+O
(
1
R4
)
, (5.69)
Eθθ = −M sin θ
R
− J
2 sin θ
(
3 cos2 θ + 2
)
2R4
+O
(
1
R5
)
, (5.70)
Eφφ = −M sin θ
R
− J
2 sin θ
(
18 cos2 θ − 13)
2R3
+O
(
1
R7
)
. (5.71)
The quasi-local mass12 is calculated for R = const. surfaces. It reads
M = 1
8π
∫
S(R)
ERRX
R
√
det γijdθdφ
= M − J
2
R3
+O
(
1
R4
)
. (5.72)
12We recall the conformal Killing vector field, corresponding to the mass, is simply X = R∂R.
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It is convenient to rewrite the formula (3.17) in the form
Bij = εj ls
[
∂s
(√
det γabK
i
l
)
−
√
det γab
(
Kil Γ
p
sp − ΓisqKql
)]
, (5.73)
and note that
√
gKil does not depend on conformal factor ϕBY. The gravitomagnetic tensor
density is relatively simple:
BRR = 6J sin θ (ϕBY cos θ − 2 sin θ∂θϕBY)
ϕ3BYR
2
(5.74)
=
6J sin θ cos θ
R2ϕ3BY
[
1 +
M
2R
+O
(
1
R4
)]
(5.75)
=
6J sin θ cos θ
R2
(
1 +
M
2R
)−2 [
1 + O
(
1
R4
)]
(5.76)
=
6J sin θ cos θ
R2
[
1− M
R
+
3M2
4R2
− M
3
2R3
+O
(
1
R4
)]
, (5.77)
BRθ = 3J sin
2 θ (2R∂RϕBY + ϕBY)
ϕ3BYR
(5.78)
=
3J sin2 θ
Rϕ3BY
[
1− M
2R
+O
(
1
R4
)]
(5.79)
=
3J sin2 θ
R
[
1− 2M
R
+
9M2
4R2
− 2M
3
R3
+O
(
1
R4
)]
, (5.80)
Bθθ = −3J sin θ cos θ
ϕ2BYR
2
(5.81)
= −3J sin θ cos θ
R2
(
1 +
M
2R
)−2 [
1 + O
(
1
R4
)]
(5.82)
= −3J sin θ cos θ
R2
[
1− M
R
+
3M2
4R2
− M
3
2R3
+O
(
1
R4
)]
, (5.83)
Bφφ = −3J sin θ (ϕBY cos θ − 4 sin θ∂θϕBY)
ϕ3BYR
2
(5.84)
= −3J sin θ cos θ
R2ϕ3BY
[
1 +
M
2R
+O
(
1
R4
)]
(5.85)
= −3J sin θ cos θ
R2
(
1 +
M
2R
)−2 [
1 + O
(
1
R4
)]
(5.86)
= −3J sin θ cos θ
R2
[
1− M
R
+
3M2
4R2
− 1
2
M3
R3
+O
(
1
R4
)]
. (5.87)
Angular momentum I(B,Kz) is generated by conformal acceleration in z axis:
Kz = 1
2
R2 cos θ∂R +
1
2
R sin θ∂θ . (5.88)
The integrand for instant angular momentum on the sphere R = const. reads
BRiKiz = BRRKRz + BRθKθz
=
3J sin3 θ ∂∂R (RϕBY)
ϕ3BY
+
3J sin θ
2ϕ2BY
(1− 3 cos2 θ) + 3J ∂
∂θ
(
sin2 θ cos(θ)
ϕ2BY
)
= 3J
∂
∂θ
(
sin2 θ cos(θ)
ϕ2BY
)
+
3J sin θ
ϕ3BY
[
sin2 θ +
1
2
(
1 +
M
2R
)(
1− 3 cos2 θ)
+
J2
(
9 cos4 θ − 21 cos2 θ + 10)
16R4
+O
(
1
R5
)]
(5.89)
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The angular momentum is finally given by
1
8π
I(B,Kz) = 1
8π
∫
S(R)
(
BRRKRz + BRθKθz
)
dθdφ
= J
(
1− 3
2
M
R
+
3
2
M2
R2
− 5
4
M3
R3
)
+O
(
1
R4
)
(5.90)
The equation (5.89) suggests that the instant angular momentum can be corrected by multi-
plicative factor
1
8π
I˜(B,Kz) = 1
8π
∫
S(R)
ϕ3BY
(
BRRKRz + BRθKθz
)
dθdφ
= J +
9
10
J3
R4
+O
(
1
R5
)
(5.91)
The above correction is compatible with the right-hand side of equation (3.19) in Theorem
3.3. More precisely, for BY data multiplying equation (3.19) by ϕ3BY we can kill the term K ∧E
up to higher order in 1/R.
6 Asymptotic charges
6.1 Brief review of classical and recent results
The formulation presented below follows the results obtained by Chrus´ciel in [5]. Let us assume
that Σ is a spacelike hypersurface extending up to infinity in an asymptotically flat spacetime,
where “asymptotic flatness” is to be understood as follows: outside a world tube there exists a
coordinate system such that
gµν = η˚µν + hµν , (6.1)
where η˚µν is the Minkowski metric, and hµν satisfies
|hµν | ≤ C/rα , |hµν,σ | ≤ C/rα+1, (6.2)
for some α to be specified later.
We will perform asymptotic analysis in the case of a fixed Cauchy hypersurface Σ. Before giving
the precise statement of the theorems, it is useful to introduce first some terminology. Suppose
one is given a pair (g,Φ), where
1. g is a Riemannian metric on a three-dimensional manifold N which is diffeomorphic to
R
3 \ B(R), where B(R) is a closed ball (N can be thought of as one of (possible many)
“ends” of Σ).
2. Φ is a coordinate system in the complement of a compact set K of N such that in local
coordinates Φi(p) = xi the metric takes the following form:
gij = δij + kij , (6.3)
and kij satisfies
∀i,j,k,x |kij(x)| ≤ C/(r + 1)α , |∂kij/∂xk(x)| ≤ C/(r + 1)α+1 (6.4)
for some constant C ∈ R and r = (∑i(xi)2 )1/2. Such a pair (g,Φ) will be called α–
admissible.
Let us restate the remaining boundary conditions (6.2) in the ADM language:
∀i, j, x |(N − 1)(x)| ≤ C/(r + 1)α , |N i(x)| ≤ C/(r + 1)α ,
|N,i(x)| ≤ C/(r + 1)α+1 , |Pij(x)| ≤ C/(r + 1)α+1 , |N i,j(x)| ≤ C/(r + 1)α+1 . (6.5)
In [5], Chrus´ciel proved the following theorems:
19
Theorem 6.1. Suppose that
1. (g,Φ) is α–admissible, with α > 1/2,
2. the conditions (6.5) are satisfied,
3. (gij , Pij) satisfy the constraint equations, with integrable sources.
Let S(R) be any one-parameter family of differentiable spheres, such that r(S(R)) = min
x∈S(R)
r(x)
tends to infinity, as R does. Define
M(g,Φ) = lim
R→∞
1
16π
∫
S(R)
(gik,i − gii,k)dSk , (6.6)
Pi(g,Φ) = lim
R→∞
1
8π
∫
S(R)
P ijdSj (6.7)
(these integrals have to be calculated in the local α–admissible coordinates Φi(p) = xi). M and
Pi are finite, independent upon the particular family of spheres S(R) chosen, provided r(S(R))
tends to infinity as R does.
Lemma 6.1. Let (g,Φ1) and (g,Φ2) be α1 and α2–admissible, respectively, with any αa > 0.
Let Φ1 ◦Φ−12 : R3\K2 → R3\K1 be a twice differentiable diffeomorphism, for some compact sets
K1 and K2 ⊂ R3. Then, in local coordinates
Φi1(p) = x
i , Φi2(p) = y
i ,
the diffeomorphisms Φ1 ◦Φ−12 and Φ2 ◦Φ−11 take the form
xi(y) = ωij y
i + ηi(y) , yi(x) = (ω−1)ij x
i + ζ i(x) ,
ζ i and ηi satisfy, for some constant C ∈ R,
|ζ i(x)| ≤ C(r(x) + 1)1−α , |ζ i,j(x)| ≤ C(r(x) + 1)−α ,
|ηi(y)| ≤ C(r(y) + 1)1−α , |ηi,j(y)| ≤ C(r(y) + 1)−α ,
r(x) = (
∑
(xi)2)1/2 , r(y) = (
∑
(yi)2)1/2 ,
with α = min(α1, α2) , ω
i
j is an O(3) matrix, and r
0 is to be understood as ln r.
Theorem 6.2. Let (g,Φa), a = 1, 2, satisfy the hypotheses of theorem 6.1 and lemma 6.1. Then
1. M(g,Φ1) =M(g,Φ2),
2. Pi(g,Φ1) = ωi
jPj(g,Φ2), where ω ∈ O(3), given by lemma 6.1.
It seems unavoidable that a limiting process is involved in the definitions in theorem 6.1.
But finding expressions that do not depend on the first derivatives but on rather more geometric
quantities is an old question that has attracted the attention of many authors. It was suggested
by Ashtekar and Hansen [2], see also Chrus´ciel [6], that the mass could be rather defined from the
Ricci tensor and a conformal Killing field of the Euclidean space. We now recall the alternative
definition of asymptotic invariant via the Ricci tensor:
Definition 6.1. Let X be the radial vector field S = r∂r in the chosen chart at infinity. Then,
we define the Ricci version of the mass of M by
mR(g) = − 1
8π
lim
r→∞
∫
Sr
(
3
Rkl − 1
2
3
Rδkl
)
S ldSk .
Equality between the two definitions, as well as a similar identity for the center of mass, has
then been proved rigorously by Huang using a density theorem [12], see also a simplified proof
given by Herzlich in [11].
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6.2 Existence of asymptotic I(E,X) and I(B,X)
In the section 3 the definition of instant charges has been given. The conservation laws for
instant charges have been provided in proposition 3.1. We generalize the concepts by considering
objects which fulfill the assumptions from the proposition only in the asymptotic regime. For
convenience, we define a symmetric tensor which describes deviation of a vector field Y from
being CKV:
Vij(Y ) := Y(i|j) −
1
3
Y k|kγij . (6.8)
If X is a conformal Killing vector for γ then Vij(X, γ) = 0. With the help of V , the definition
of asymptotic conformal Killing vector field reads:
Definition 6.2. (asymptotic CKV) Vector field X will be called asymptotic conformal Killing
vector field iff
lim
r→∞
Vij(X) = 0 ,
for all i, j. The limit lim
r→∞
is understood as the spatial infinity regime.
It enables one to define asymptotic instant charges:
Definition 6.3 (asymptotic instant charges). Consider a given spatial hypersurface Σ equipped
with an asymptotically flat13, Riemannian metric γ. Let A(r) ⊂ Σ be an one-parameter family
of two-dimensional closed surfaces such that lim
r→∞
A(r) represents a topological sphere at spatial
infinity. We can define the following asymptotic instant charges:
Ias(E,X) := lim
r→∞
∫
S(r)
EijX
jdSi , (6.9)
Ias(B,X) := lim
r→∞
∫
S(r)
BijX
jdSi , (6.10)
where Xj is an asymptotic conformal Killing vector field (see definition 6.2).
Let us recall the reasoning which leads to conservation laws for instant charges. See the
equation (3.13) and comments nearby. Analogically, the boundary integrals, (6.9) and (6.10),
would be well-defined if the divergences, (
√
γEijXj),i and (
√
γBijXj),i respectively, will be
integrable. We have
(
√
γEijXj),i =
√
γEij(X(i|j) −
1
3
Xk |kγij) +
√
γEij|iX
j
=
√
γEijVij(X) +
√
γXj(K ∧B)j ,
(6.11)
where (3.18) is used. Analogical calculations for (
√
γBijXj),i give
(
√
γBijXj),i =
√
γBijVij(X)−√γXj(K ∧ E)j . (6.12)
The asymptotic instant charges will be finite if the appropriate divergences are integrable at
infinity, i.e.
EijVij(X) +X
j(K ∧B)j = O(r−3−ε) , (6.13)
BijVij(X) −Xj(K ∧ E)j = O(r−3−ε) , (6.14)
where ε > 0.
Note that the basic conformal Killing vectors have different asymptotic relative to r, using
(3.4)–(3.7) we have:
13We assume there exists a coordinate chart such that the metric tends to the Euclidean metric at spatial
infinity.
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• Tk = O(1) ,
• Rk = O(r) ,
• S = O(r) ,
• Kk = O(r2) .
Generators of proper conformal transformations behave like r2, therefore charges defined with
Kk (e.g. angular momentum) impose the strongest conditions on the asymptotic in the equations
(6.13)–(6.14). For convenience, we can rewrite the asymptotic of CKV in more compact form
X = O(rq) , q ∈ {0, 1, 2} . (6.15)
The conditions (6.13) and (6.14) can be interpreted in various ways. For example, if we assume
that X is a CKV (Vij(X) = 0) and the metric is asymptotically flat, i.e. the conformal factor of
the metric tends to unity at spatial infinity, then the conditions (6.13) and (6.14) are equivalent
to
(K ∧ E)j = O(r−3−q−ε) , (6.16)
(K ∧B)j = O(r−3−q−ε) , (6.17)
where q depends on the type of charge14 and associated CKV (6.15).
We can also consider surfaces Σ equipped with a metric which is no longer conformally flat
but only asymptotically conformally flat.
Theorem 6.3. Let the metric on the hypersurface Σ be in the form15:
γij =
(
1 +
M
2r
)4
(ηij + hij) , (6.18)
where ηij is a three-dimensional Euclidean metric. We assume the following behavior of presented
objects at r →∞:
hij = O
(
rd
)
, (Γη+h)
a
ij = O (r
c) , Kij = O
(
rk
)
,
Eij = O (r
e) , Bij = O
(
rb
)
, X = O(rq) , q ∈ {0, 1, 2} ,
(6.19)
where c < d < 1 and X is a CKV for η defined by (6.15) and the comments nearby.
If
e+ c+ q < −3 , e+ q + d < −3 , c+ k + b < −3 , (6.20)
then the asymptotic charge
Ias(E,X) = lim
r→∞
∫
S(r)
EijX
jdSi , (6.21)
is integrable. Analogically, the following conditions
b+ c+ q < −3 , b+ q + d < −3 , c+ k + e < −3 , (6.22)
guarantee that the asymptotic instant charge
Ias(B,X) = lim
r→∞
∫
S(r)
BijX
jdSi (6.23)
is finite.
14We remind that the physical interpretation of the charges is given in section 4.1.
15The metric in this form corresponds to slightly disturbed Schwarzschild spacetime, cf. formula (5.3) —
Schwarzschild metric expressed in isotropic variables).
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Proof:
The aim of the proof is to show that at r → ∞ divergences given by equations (6.11), (6.12)
are integrable at infinity. It leads to asamptotic given by (6.13) and (6.14). For the metric η,
(3.4)–(3.7) are exact solutions of CKV equation (Vij = 0). Asymptotic of such CKV is given by
(6.15). Let us examine expressions containing tensor Vij . The tensor V behaves with respect to
the conformal transformation as follows:
Vij
(
Ω4g,X
)
= Ω4Vij(g,X) , (6.24)
where g is any metric. In our case Ω = 1+ M2r , hence the leading term in the conformal factor Ω
is O(1). We assume that the field X is a conformal Killing vector for a flat, three-dimensional
metric η, thus the following equation is satisfied:
X(i,j) −
1
3
Xk,kηij = 0 . (6.25)
Hence,
V (η + h,X) = −ΓmijXm − 1
3
Xk,khij − 1
3
ΓkmkX
m(ηij + hij) . (6.26)
The Christoffel symbols appearing in the above formula come from the metric η + h, we get
V
(
Ω4(η + h),X
)
= Ω4V (η + h,X) = O(rv) , (6.27)
where
v = max (c+ q, q + h− 1, q + h) = max (c+ q, q + h) . (6.28)
It leads to
EijVij(g,X) = O(r
e) ·O(rv) = O(re+v) , (6.29)
BijVij(g,X) = O(r
b) ·O(rv) = O(rb+v) . (6.30)
Next, we check the asymptotic of the terms containing the extrinsic curvature:
Xj(K ∧B)j = O(rc) ·O(rk) · O(rb) = O(rc+k+b) , (6.31)
Xj(K ∧ E)j = O(rc) ·O(rk) · O(re) = O(rc+k+e) . (6.32)
Comparing (6.13), (6.29) and (6.31), we observe that asymptotic charge
Ias(E,X) = lim
r→∞
∫
S(r)
EijX
jdSi , (6.33)
will be integrable if max(e+ c+ q, e+ q + h, c + k + b) < −3.
With the help of (6.14), (6.30) and (6.32), for the charge
Ias(B,X) = lim
r→∞
∫
S(r)
BijX
jdSi , (6.34)
we can formulate similar condition max(b+ c+ q, b+ q + h, c+ k + e) < −3.
Remark: Let us observe that we can relax the assumption (6.25) (i.e. X is an exact CKV).
More precisely, the above proof holds also when we substitute (6.25) by weaker condition:
Vij(X) = O(r
p) , (6.35)
where p ≤ 0 will be specified below. If we extend (6.20) by the condition
e+ p < −3 , (6.36)
then the asymptotic charge (6.21) is integrable for the asymptotic CKV (6.35). The similar
condition
b+ p < −3 (6.37)
enables one to generalize the theorem for the charge (6.23).
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Conclusions
We have provided relations between four-dimensional charges (2.8), constructed with the help
of conformal Yano–Killing tensor, and the instant charges (definition 3.1) after (3+1) decompo-
sition. The construction presented here enables one to calculate twenty local charges in terms
of initial data (γij ,Kij) on a conformally flat spatial hypersurface Σ immersed in a spacetime
satisfying the Einstein vacuum equations with a cosmological constant.
In the future, we plan to perform the analysis of (3+1) decomposition of CYK tensor in curved
spacetimes. For Minkowski spacetime, each CYK two-form is a linear combination of a wedge
product of two conformal Killing co-vectors (CKV) or a Hodge dual of such product. This
makes the (3+1) decomposition of CYK tensor simple. In particular, the choice of Cauchy sur-
face t = const. is natural. In the case of curved spaces, the splitting of CYK form is much more
complicated and the choice of Cauchy surface is much less intuitive. However, the CYK tensor
decomposition should guarantee existence of Gaussian charges on a properly chosen surface.
Deep understanding of the construction in the flat case is required for further analysis of curved
spacetimes. This makes the paper valuable in the context of further research.
In addition, we have proved theorems explaining the relation between linear momentum and
angular momentum (defined as the contractions of the magnetic part of Weyl tensor with ap-
propriate conformal Killing vectors), and the traditional ADM linear and angular momentum.
The analysis performed for the Kottler spacetime showed that the mass defined as the con-
traction of the electrical part of the Weyl tensor with the scaling generator may have better
properties than the ADM mass. In the proposed example of foliation with surfaces with flat
internal geometry, the mass calculated with conformal Killing fields was not dependent on radius
or cosmological constant (as opposed to ADM mass).
The thesis formulated in the last section shows that in certain specific cases we can use the
proposed method to define asymptotic charges (even if the metric on spatial surfaces is not
conformally flat).
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A Lower order corrections for Ricci mass
We propose a correction to the Ricci mass, introduced in Definition 6.1, which is proportional
to the curvature scalar
m˜R = − 1
8π
∫
S(r)
(
3
Rij − 1
2
δij
3
R
)
SjdSi − 1
8π
∫
S(r)
(
β +
1
2
)
δij
3
RSjdSi . (A.1)
Using CKV equation and contracted Bianchi identity,
S(i|j) = λγij , (A.2)(
3
Rkl − 1
2
γkl
3
R
)
|k
= 0 , (A.3)
we have(
3
RklSl + βSk
3
R
)
|k
= λ
3
R+
1
2
3
R|kSk + βnλ
3
R+ β
3
R|kSk . (A.4)
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Assuming
3
R = p(θ)ra, we have(
3
RklSl + βSk
3
R
)
|k
= λ
3
R+
1
2
a
3
R+ βnλ
3
R+ βa
3
R (A.5)
=
3
R
(
λ+
1
2
a+ β(λn+ a)
)
. (A.6)
In particular, the corrected Ricci mass for Bowen–York spinning black hole has better asymp-
totics if we choose λ = 1, n = 3, a = −6. It leads to
β = −2
3
. (A.7)
Using constraint equation with K = 0,
3
R − KklKkl = 0, the following quantity is almost
conserved up to controlled term:
− 1
8π
∫
S(R)
(
3
RRj − 2
3
KklKklδ
R
j
)
Sj
√
det γ = m− 4J
2
R3
+
2
3
6J2
R3
+O
(
1
R4
)
= m+O
(
1
R4
)
. (A.8)
The correction enables one to get rid of unwanted term proportional to square of angular momen-
tum. Similar mechanism was observed for the Hamiltonian of asymptotically Kerr spacetimes
[19].
Analogical correction can be implemented for instant mass. For convenience, we introduce a
tensor
Aij := −KimKmj + 1
2
K lmKlmδ
i
j +KKj
i − 1
2
K2δij . (A.9)
The divergence of gravitoelectric tensor (3.18) may be corrected as follows
Eij|i − (K ∧B)j =(
Eij −KimKmj + 1
2
K lmKlmδ
i
j +KKj
i − 1
2
K2δij
)
|i
=(
Ekl +A
k
l
)
|k
= 0 . (A.10)
We denote A := Amm. (A.10) enables one to obtain a candidate for corrected electromagnetic
mass in the following way(
Ekl +A
k
l − 1
3
Aδkl +
1
3
Aδkl
)
|k
S l = 0 ,[(
Ekl +A
k
l − 1
3
Aδkl
)
S l
]
|k
= −1
3
A,l S l . (A.11)
For Bowen–York spinning black hole, we have the following asymptotic of A = O
(
R−6
)
. It gives
2(SlA)|l − SlA,l =
1
R6
Sl
(
R6A
)
,l
+ 2(Sl |l − 3)A = O
(
1
R7
)
. (A.12)
The equation (A.12) leads to the following modification of (A.11)[(
Ekl +A
k
l − 1
3
Ammδ
k
l
)
S l
]
|k
+
2
3
(SlA)|l = O
(
1
R7
)
. (A.13)
Finally, the corrected instant mass for Bowen–York spinning black hole is given by
I˜ :=
1
8π
∫
S(R)
(
ERl +A
R
l +
1
3
AδRl
)
S l
√
det γ . (A.14)
In the case of Bowen-York spinning black hole (Λ = 0), the correction leads to that the integrand
of a corrected instant mass is equal to an integrand of corrected Ricci mass.
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